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Abstract 

Topological solutions in the (2+l)-dimensional Einstein theory of grav- 
ity are studied within the ADM canonical formalism. It is found that a 
conical singularity appears in the closed de Sitter universe solution as a 
topological defect in the case of the Einstein theory with a cosmological 
constant. Quantum effects on the conical singularity are studied using 
the de Broglie-Bohm interpretation. Finite quantum tunneling effects are 
obtained for the closed de Sitter universe, while no quantum effects are 
obtained for an open universe. 
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1 Introduction 



A quantum theory of gravity is required to unify the four fundamental interac- 
tions and to reduce the singular behavior of the early universe and of the central 
region of black holes. Superstring theory M and M-theory M are very promising 
approaches but the analysis of these theories have not yet been completed, be- 
cause non-perturbative effects are difficult to evaluate. Recently, the interesting 
correspondence between the gravity theory in (d+l)-dimensional anti-de Sitter 
space (AdS) and the conformal field theory (CFT) in d-dimensions has been 
elucidated using the concept of duality in the superstring theory ||. The mi- 
croscopic derivation of the black hole entropy has also been studied extensively 
to apply the AdS/CFT correspondence ||. 

In several works of particular interest, it has been shown that the Einstein 
theory of gravity in (2+l)-dimensional anti-de Sitter space is equivalent to the 
Chern-Simons gauge theory || ||, while black hole entropy has been studied in 
terms of its asymptotic symmetry |7], |8], [| [FT], |TT|. The (2+l)-dimensional gravity 
theory is a simple toy model that possesses no local or physical modes (like 
gravitational wave modes), but it does possess interesting global and topological 
modes. 

A conical singularity is one of the charasteristic features of the (2+l)-dimensional 
gravity theory |fL2| . In the case of a point particle with mass mo located at the 
origin of the spatial coordinates, we consider a static spherically symmetric met- 
ric of the form 

ds 2 = -dt 2 + <f^\ d r 2 + r 2 d(j) 2 ) . (1) 
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Figure 1: (A) The deficit angle 8irmoG = 2nmo is shown. (B) The conical 
singularity is formed gluing edges of the deficit angle shown in (A). 

In this case, the Einstein equation becomes 

A a = m 5 (2 \f) , (2) 

and we obtain its solution as 

ds 2 = -dt 2 + r~ 8moG (dr 2 + r 2 d(j) 2 ) , (3) 

where the ranges of the variables are given by < r < oo and < <f) < 2tt. In 
order to transform to a flat metric, we make a change of variables r — > f ,<p — > 0, 
defined by the following: 

f = r i-*<>*G/(\ - 4m G) , (4) 
4> = (l-4m o G)0, (5) 
ds 2 = -dt 2 + df 2 + f 2 d(p 2 . (6) 

The ranges of the variables r and <p become < f < oo and < <p < 2n—8irmoG. 
Here the deficit angle 87rm G appears, and this leads to a conical singularity (see 
Fig.®. 

In this paper, we study the (2+l)-dimensional Einstein gravity theory with a 
cosmological constant within the framework of the traditional canonical formal- 



ism |14| . We quantize the theory in order that the constraint operators form 



a closed algebra. We obtain quantum de Sitter universe solutions applying the 
dBB interpretation and rederive the known classical de Sitter universe solutions 
as the classical limits. 

The dBB interpretation is a natural extension of the WKB approach (i.e., the 
semi-classical method) into the full quantum region [I5|. In this interpretation, 
the wave function in polar coordinates, \& =| \I/ | e* e is understood with the 
following meaning: (a) the amplitude squared \ ^ | 2 is consedered the probability 
distribution of metrics, and (b) the momenta are defined by the gradient of the 
phase according to 

(momentum) . (7) 



^(metric) 

We call this the de Broglie-Bohm (dBB) equation. The dBB interpretation 
has the following advantageous features in the quantum gravity theory: (i) A 
metric including quantum effects can be obtained from the dBB equation (|7|); 
(ii) a kind of time is introduced through the dBB equation |17]], which is lost 
in the constraint equations [see Eq. (|24D in Section 2]; (iii) neither an outside 
observer nor a measurement is necessary to realize the classical universe from 
the quantum universe asymptotically. 

This paper is organized as follows. In Section 2, we review the canonical 
quantization of the Einstein theory of gravity in (2+1) dimensions and apply the 
dBB interpretation to the wave function. The notation and our basic idea follow 
those of Kuchaf's work [TJj and our previous paper j0|. In Section 3, we study 
the conical singularity of the closed de Sitter universe solution. This solution is 
interesting with regard to two points: (1) the correlation between local objects 
(black holes) and the global object (the de Sitter universe) and (2) quantum 
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effects on the systems as implied by the de Broglie-Bohm interpretation. A 
summary of the paper is given in Section 4. 

2 Quantum Solutions and the De Broglie-Bohm 
Interpretation 

We start from the Einstein-Hilbert action with a cosmological constant A in 
(2+l)-dimensional spacetime, 



I = — J d 3 x ^J-detg {R - 2A) 



where the gravitational constant is set to G 2 = 1/4. We write the metric of the 
general spherically symmetric spacetime in the (2+1) decomposition [jll, [18], [E| 

as 

ds 2 = -(N'fdt 2 + A 2 (dr + N r dt) 2 + R 2 (d<P + N^dtf 

+ 2C(dr + N r dt) {d<j> + N^dt) , (9) 

where the metric is a function of r and t. 

The action in the canonical formalism is written in the form 

I = J dtdr(P A A + P R R + P C C - N'Ht - N r H r - N^H^) , (10) 

where Pa, Pr and Pc are the canonical momenta, 

R[C(N+)' + A((AN*)' - A)] 
R N'Vh ' 1 ' 

(N r cy + R 2 (N*y-c 

° 2N*Vh ' 



where 

h = R 2 A 2 - C 2 . (14) 

In the above, the dot and prime denote the differentiation with respect to t 
and r, respectively. The coefficients of the auxiliary metrics N*, N r and are 
the Hamiltonian H t and the momentum constraint functions H r and H^. In 
place of these constraint functions, we consider the angular momentum J , the 
mass function M and one of the momuntum constraint function H r as the new 
constraint functions. These are given by 

J = - J drH <k = jP A + R 2 Pc , (15) 
H r = R'P R -A(P A )' -C(P C )' , (16) 
M = - 1 dr(S-H t + ^-H r + Pctl^) 

-ki&^fr-TJ^-^ + S)- (17) 

where A = ^A 2 — C 2 /R 2 , and the function A in Eq. (|i~7D is the ordering factor, 
which is determined so as to close the algebra formed by the constraints. [Its 
explicit expression is given in Eq. (p8|) .1 The commutation relations among the 



new constraint functions describing a closed algebra are 

[J(r)J(r')} = 0, (18) 

[J(r),H r (r')\ = iJ'(r)6(r - r') , (19) 

[J(r),M(r')] = 0, (20) 

[H r (r),H r (r')} = i(H r (r)5'(r - r') - (r <-»• r')) , (21) 

[H r (r),M(r')] = iM'(r)S(r - r') , (22) 

[M(r),M(r')} = 0. (23) 
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We impose these new constraint functions on the wave function \I/ 

J(r)* = jV , # r (r)# = , M(r)tf = , (24) 

where j and m are constants of integration that have the physical meanings of 
angular momentum and mass. 

It is shown that the the original constraint functions H t , H r and form a 
closed algebra automatically, because the new constraint functios form a closed 
algebra expressed by Eqs. (p~8|)- (p3j) and there is a linear relation between the 
new and old consitraint functions given in Eqs. (|I7^-(|T7|). It is also worthwhile 
to note that the original constraints on the wave function are satisfied automat- 
ically, if the new constraints on the wave function expressed by Eq. ( p4"D are 
satisfied. 

A possible solution of the constraints on the wave function given by Eq. Q2"3|) 
can be written in terms of two Hankel functions as 

= exp {mZ»[b x HV{Z) + h 2 Ef\Z)\ , (25) 

where b\ and 62 are constants of integration and the variables $ and Z are 

functions of the metric defined as 

C(r) r M 

R(r) 



$ = i dr ^hk > Z=jdrj dkyJx-F^R) , (26) 



x = 5? , Fj (R) = l-2m + ^-XR 2 . (27) 



In Eq. (25), the arbitrary number v denotes the order of the Hankel functions 
and is introduced through our choice of the ordering factor A appeared in Eq. 
(PI) (see Ref. |B| for a detailed explanation): 

A = A Z (Z)A(R, X ), 



A z = Z 2v - 1 , A 



X-Fj 



(28) 



We adopt the dBB interpretation in order to extract geometrical informa- 
tion from the wave function. For this purpose, we should impose the Vilenkin 
boundary condition p0| , which requires the classical expanding universe in the 
large universe limit (in our case, this corresponds to the large Z limit). Taking 
into the Vilenkin boudary condition, we choose only the Hankel function of the 
second kind; that we set b\ = in Eq. (|25|), because the asymptotic behavior of 
the wave function then becomes that of the outgoing wave given by 



TlZ 



e _ i(Z _ (2 , +lW 4) for z 



(29) 



The dBB equations for the metric are obtained from the definition of the 
dBB equation (|7|) and the expression of the momenta (|13|) as 

de 



±f N rl R _9 R 

N* V dr dt 



R 3 



2N l A 



1 

d fCN r 



— (AN ) - —A 

dr K ' dt 



X Fj dZ 
A d 



(dR/dr) dr 



+ N* 



d_(C_ 
dtVR? 



_dr\ R 2 

The classical limit is realized asymptotically, 

d& 2 
dZ 



(30) 

X-F j} § ,(31) 
(32) 



-1 as Z — >• oo 



nZ | Hi 2) (Z) | 2 

and the dBB equation approaches the Einstein equation in the same limit. 



(33) 



3 Conical singularity in the De Sitter universe 



In order to obtain the explicit form of the metric, we must impose the coordinate 
condition (i.e. the gauge fixing). The proper choice of the coordinate condition 



for the de Sitter universe is 

A = ; , R = b(t)r and j = 0, (34) 

VI - Kr 2 ' W J K J 

where if is a curvature parameter. The cosmological scale factors a(t) and b(t) 

are determined by the dBB equations fl30|)-(l3~2"D as 

a(t) = -^=L=b(t), (35) 
a(t) = -^Xa(ty-K^. (36) 

In classical limit (dQ/dZ — > — 1), the scale factor is obtained as 

| exp(v^A(t — t )) for if = (flat universe) 

' " 1 (v^r cosh (y/X(t- t )) for if = 1 (closed universe 

where to is a constant of integration, which specifies the origin of the time. The 

classical metric becomes 



ds li 



-dt 2 + exp(2 v / A(t - t )) (dr 2 + r 2 d<\> 2 ) for if = 

-dt 2 + A^cosh^v^t - t ))(rfr 2 /(l - r 2 ) + r 2 d0 2 ) for if = 1 . 

(3f 



We note that the range of the new angle variable <ft — \/l — 2m is given by 



< </>< Vl - 2m 2vr , (39) 



and the deficit angle (27r(l — yl — 2m) 27rm) leads to the conical singularity 
in the de Sitter universe solution(see Fig.§). 

Next, we attempt to determine the scale factor of the universe including the 
quantum effect using the dBB equation. The explicit form of the dBB equation 
for the scale factor given by Eq. (^) becomes 

m-y/wf^ , , («) 



(A) 



(B) 



Figure 2: (A) The deficit angle 27r(l — \J\ — 2m) ~ 2irm is shown. (B) The 
conical singularity in the closed surface is formed gluing edges of the deficit angle 
shown in (A). 

where the variables in the case of de Sitter universe are 

Z = f dr(A^/ x ~ Fj - Vl - 2ma(t) In | ^_ V5T ^ |) , 

V I F i I 

A = a(t)/Vl - Kr 2 , 
X = (l-2m)(l-Kr 2 ) , 
Fj = (l-2m)(l- Aa(t)V) . 

The quantum effect is included in the factor 2/(nZ \ H^\Z) | 2 ) in Eq. ([40]). 
For the flat de Sitter universe (K = 0), no quantum effect is obtained, because 
Z becomes infinite as a result of due to the spatial integration over the infinite 
range of the variable r. For the closed de Sitter universe (K = 1), a finite 
quantum effect is obtained only in the special case v = 1/3. The result of the 
numerical analysis of the dBB equation in this special case with the scale factor 
a(t) for the closed de Sitter universe given by Eq. ( flUD are presented in Fig. 
|3|. These results confirm that the quantum scale factors with and without the 
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Figure 3: (A) The quantum scale factor in the case without a conical singularity 
(m = 0). (B) The quantum scale factor in the case with a conical singularity 
(m ^ 0). (C) The classical scale factor in the case with a conical singularity 
(m 7^ 0). The classically allowed region is t > and the classically forbidden 



region is t < 0. Each scale factor is normalized such that a(t — 0) — yl/A. The 
parameters are chosen as A = 1/2 , m — 1/5. 

conical singularity approache the classical scale factor asymptotically as 

a(t) | m ^ ~ a(t) | m=0 ~ a(t)a w exp (a/A£) as t ^ large . (41) 

The quantum effects appear remarkably near the beginning of the universe 
as the derivation from the classical solution. We can show the relations for 
differentiation of the scale factor a(t) with respect to t at the beginning of the 
classical universe a(t) = 1/V\ 

o4/3\l/6 

ait) = (1 - 2m)-^ 6 -^—T(2/Z) = (1 - 2m)- 1 ' & a{t) | m=0 

> a(t) \ m =0 

> a(t)\ d =0. (42) 
These relations together with the asymptotic relations for the scale factor given 
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by Eq. ([y]) imply the following hierarchy relations for a(t) at a given of a(t) 

a(t) |m^o > a(t) \ m=0 > a{t) c i . (43) 

The validity of these relations can be seen directly from Fig. |3|. From these 
result given by Eq. ([KJ), we confirm that the quantum effect becomes large as 
the mass parameter becomes large. 

4 Summary 

We have studied the (2+l)-dimensional Einstein theory of gravity with a cosmo- 
logical constant within the framework of the ADM canonical formalism employ- 
ing the de Broglie-Bohm interpretation. We examined the conical singularity in 
the de Sitter universe as a topological effect on the geometry. The classical limit 
is realized for this theory in the large universe limit, a(t) — > oo. No quantum 
effect is obtained for the flat de Sitter universe solution, because in this case 
the volume of the universe and the value of Z both become infinite. A finite 
quantum effect is obtained for the closed de Sitter universe solution with the pa- 
rameter choice v = 1/3 . The quantum effect on the scale factor becomes large 
as the mass of the point particle becomes large, as can be seen from Eq.([43"D and 
Fig. |3|. In the closed de Sitter universe solution, a conical singularity occurs due 
to the presence of the mass m, and in this case the volume of the universe is 
small. We can summarize our results as follows: The size of the quantum effects 
increases as the size of the universe decreases. This relation is consistent with 
our general experience: quantum effects are larger for smaller objects. 

As future problems, we are interested in determining the quantum effect for 
the anti-de Sitter universe using the dBB interpretation. We are also inter- 
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ested in the total gravitational energy of a massive point particle in a closed 
universe. We plan to study a torus as an example of other topologies in the 
(2+l)-dimensional gravity theory |2T . 



Finally, it is worthwhile to note the difference between the dBB interpretation 
and the interpretation by the WKB approach. Though the concepts of the 
two interpretations are very different, the basic equations are very similar. In 
the semi-classical region, both solutions obtaining by the dBB interpretation 
and by the WKB approach become almost the same, and in addition the dBB 
interpretation requires a smooth extension into the classically forbidden region. 
For these reasons, we assert that the dBB interpretation is more natural than 
the WKB approach. 
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